INTRODUCTION
On a Riemannian Spin manifold (M n , g) of dimension n ≥ 2, a non-trivial spinor field ψ is called a complex generalized Killing spinor field with smooth Killing function K if
for all vector fields X on M, where ∇ denotes the spinorial Levi-Civita connection and " · " the Clifford multiplication. Here K := a + ib denotes a complex function with real part function a and imaginary part function b.
It is well known that the existence of such spinors imposes several restrictions on the geometry and the topology of the manifold. More precisely, on a Riemannian Spin manifold, a complex generalized Killing spinor is either a real generalized Killing spinor (i.e., b = 0 and a = 0), an imaginary generalized Killing spinor (i.e., a = 0 and b = 0) or a parallel spinor (i.e., b = a = 0) [9, 11] . Manifolds with parallel spinor fields are Ricci-flat and can be characterised by their holonomy group [32, 16] . Riemannian Spin manifolds carrying parallel spinors have been classified by M. Wang [45] .
When ψ is a real generalized Killing spinor, then a is already a nonzero constant, i.e., ψ is in fact a real Killing spinor. Those Killing spinors on simply connected Riemannian Spin manifolds were classified by C. Bär [3] . Real Killing spinors occur in physics, e.g. in supergravity theories, see [12] , but they are also of mathematical interest: The existence of real Killing spinor field implies that the manifold is a compact Einstein manifold of scalar curvature 4n(n − 1)a 2 . In dimension 4, it has constant sectional curvature. Real Killing spinors are also special solutions of the twistor equation [36, 37] and moreover, they are related to the spectrum of the Dirac operator. In fact, T. Friedrich [14] proved a lower bound for the eigenvalues of the Dirac operator involving the infimum of the scalar curvature. The equality case is characterised by the existence of a real Killing spinor. More precisely, n 2 a 2 is the smallest eigenvalue of the square of the Dirac operator [14, 25] . Other geometric and physics applications of the existence of real Killing spinors can be found in [11, 13, 42, 44, 24, 25, 15, 17, 19, 20, 22, 21] . When ψ is an imaginary generalized Killing spinor, then M is a non-compact Einstein manifold. Moreover, two cases may occur: The function b could be constant (then ψ is called an imaginary Killing spinor) or it is a non-constant function (then we will continue to call ψ a imaginary generalized Killing spinor). H. Baum [7, 6, 8] Recently, Spin c geometry became a field of active research with the advent of Seiberg-Witten theory. Applications of the Seiberg-Witten theory to 4-dimensional geometry and topology are already notorious. From an intrinsic point of view, Spin, almost complex, complex, Kähler, Sasaki and some classes of CR manifolds have a canonical Spin c structure. Having a Spin c structure is a weaker condition than having a Spin structure. Moreover, when shifting from the classical Spin geometry to Spin c geometry, the situation is more general since the connection on the Spin c bundle, its curvature, the Dirac operator and its spectrum will not only depend on the geometry of the manifold but also on the connection (and hence the curvature) of the auxiliary line bundle associated with the Spin c structure.
A. Moroianu studied Equation (1) on Riemannian Spin c manifolds when b = 0 and a is constant, i.e., when ψ is a parallel spinor or a real Killing spinor [38] . He proved that a simply connected complete Riemannian Spin c manifold carrying a parallel spinor is isometric to the Riemannian product of a Kähler manifold (endowed with its canonical Spin c structure) with a Spin manifold carrying a parallel spinor. Moreover, a simply connected complete Riemannian Spin c manifold carrying a real Killing spinor is isometric to a Sasakian manifold endowed with its canonical Spin c structure. In 1999, M. Herzlich and A. Moroianu considered Equation (1) for b = 0 on Riemannian Spin c manifolds [23] . They proved that, if n ≥ 4, real generalized Spin c Killing spinor do not exist, i.e., they are already real Spin c Killing spinor. In dimension 2 and 3, they constructed explicit examples of Spin c manifolds carrying real generalized Killing spinor, i.e., where the real Killing function is not constant.
We recall also that the existence of parallel spinors, real Killing spinors and imaginary Killing spinors do not only give obstruction of the geometry and the topology of the Spin or Spin c manifold (M n , g) itself, but also, the geometry and topology of hypersurfaces and submanifolds of (M n , g). In fact, The restriction of such Spin or Spin c spinors is an effective tool to study the geometry and the topology of submanifolds [1, 2, 4, 28, 27, 31, 30, 29, 41, 40] .
In this paper, we extend the study of Equation (1) Proof of Theorem 1.1 is based on the existence of differential forms which are naturally associated to the complex generalized Killing spinor field. For n = 2, 3 we still do not know whether there are complex generalized Killing spinors which are neither purely real or purely imaginary. But at least we know that a has to vanish in all points where b does not and vice versa, cf. Lemma 3.4. Thus, in case they exist they would be very artificial, cf. Remark 3.5. In dimension ≥ 4 these cases are excluded since even locally there are no non-constant real Killing functions.
Since parallel and real generalized Killing spinors were already studied in [38, 23] , we can focus then on studying (1) 
The bundle L is called the auxiliary line bundle associated with the Spin c structure. If A : T (S 1 M) −→ iR is a connection 1-form on S 1 M, its (imaginary-valued) curvature will be denoted by F A , whereas we shall define a real 2-form Ω on S 1 M by F A = iΩ. We know that Ω can be viewed as a real valued 2-form on M [18, 34] . In this case, iΩ is the curvature form of the auxiliary line bundle L [18, 34] .
Let ΣM := Spin c M × ρn Σ n be the associated spinor bundle where Σ n = C
2
[ n 2 ] and ρ n : Spin c n −→ End(Σ n ) the complex spinor representation [18, 35] . A section of ΣM will be called a spinor field. This complex vector bundle is naturally endowed with a Clifford multiplication, denoted by "·", · : Cl(T M) −→ End(ΣM) which is a fiber preserving algebra morphism, and with a natural Hermitian scalar product ., . compatible with this Clifford multiplication [18, 26] . If such data are given, one can canonically define a covariant derivative ∇ on ΣM that is locally given by [18, 26, 39] :
where
is a locally defined spinor field, b = (e 1 , . . . , e n ) is a local oriented orthonormal tangent frame over an open set U ⊂ M, s :
The Dirac operator, acting on Γ(ΣM), is a first order elliptic operator locally given by D = n j=1 e j ·∇ e j , where {e j } j=1,...,n is any local orthonormal frame on M. An important tool when examining the Dirac operator on Spin c manifolds is the Schrödinger-Lichnerowicz formula [18] :
where S is the scalar curvature of M, ∇ * is the adjoint of ∇ with respect to the L 2 -scalar product and · is the extension of the Clifford multiplication to differential forms. The Ricci identity is given, for all X ∈ Γ(T M), by
for any spinor field ψ. Here, Ric (resp. R) denotes the Ricci tensor of M (resp. the Spin c curvature associated with the connection ∇), and is the interior product.
] e 1 ∧ . . . ∧ e n be the complexified volume element. The Clifford multiplication extends to differential forms so ω C can act on spinors. If n is odd, the volume element ω C acts as the identity on the spinor bundle. If n is even, ω 2 C = 1. Thus, by the action of the complex volume element on the spinor bundle decomposes into the eigenspaces Σ ± M corresponding to the ±1 eigenspaces, the positive (resp. negative) spinors [18, 26, 39] .
Summarizing the action of the volume form we have
Moreover, we recall that by direct calculation one sees immediately that
for a k-form δ and a spinor field ψ.
Furthermore, it is well known that a Spin structure can be viewed as a Spin c structure with a trivial auxiliary line bundle endowed with the trivial connection. Of course, Spin c manifolds are not in general Spin manifolds -e.g. the complex projective space CP 2 is Spin c but not Spin. However, a Spin c structure on a simply connected Riemannian manifold M with trivial auxiliary bundle L is canonically identified with a Spin structure. Moreover, if the connection defined on the trivial auxiliary line bundle is flat, then ∇ on the Spin c bundle ΣM corresponds to ∇ ′ on the Spin bundle Σ ′ M, i.e., we have a global section on L which can be chosen parallel [38, Lemma 2.1]. In this case, (2) becomes
Let (M n , g) be a Riemannian Spin c manifold with Spin c bundle ΣM and auxiliary bundle L. Let now (M n , g) be equipped with another Spin c structure, and let Σ ′ M (resp. L ′ ) the corresponding Spin c bundle (resp. auxiliary bundle). Then there is always a complex line bundle D such that
) is Spin and Σ ′ M denotes its spinor bundle and L ′ the trivial line bundle. Then, where t denotes the coordinate of the R-factor.
SPIN c COMPLEX GENERALIZED KILLING SPINORS
In this section, we want to establish general properties of complex generalized Killing spinors, i.e. a spinor satisfying (1) . In particular, we will show that in dimension n ≥ 4, the Killing function K is already purely real or purely imaginary. First, let us collect some general facts on Killing spinors.
Lemma 3.1. Let ψ be a complex generalized Killing spinor on a Riemannian Spin
Proof. All the calculations will be carried out at a point x ∈ M using a local orthonormal frame e i with [e i , e j ] = 0 and ∇ e i e j = 0 at x. We calculate Dψ = i e i · ∇ e i ψ = K i e i · e i · ψ = −nKψ. Thus,
Moreover, using ∇ * ∇ = − n j=1 ∇ e j ∇ e j , we deduce that
Using the last two equations and the Schrödinger Lichnerowicz formula (3), we obtain (i). Then, taking the imaginary part of the scalar product of (i) ψ, we get that da · ψ, ψ = 2nabi|ψ| 2 . For the last two claims the corresponding proofs for K real, i.e., [23, Lemma 2.2] for (iii) and [36, Proposition 1] for (iv), carry over directly.
Let ω p be the p-form on M given by
for any X 1 , X 2 , . . . , X p ∈ Γ(T M). These p-forms have been introduced in [23] 
In particular, for any k ≥ 0,
Proof. By (5), ω 4k+1 and ω 4k+2 are imaginary-valued; ω 4k+3 and ω 4k+4 are real-valued forms. We consider a local orthonormal frame {e 1 , . . . , e n } in a neighbourhood of x ∈ M such that [e i , e j ] = 0 and ∇ e i e j = 0 at x. Then 
Thus, we get dω 2k = 2ibω 2k+1 , dω 2k+1 = −2aω 2k+2 . After taking the differential of the last two equalities, we obtain db ∧ ω 2k+1 − 2abω 2k+2 = 0 and da ∧ ω 2k+2 + 2abiω 2k+3 = 0.
If M is even dimensional, we can use the decomposition of the spinor bundle, see (4) and above, to define another sequence of p-forms on M by
Proof. For X ∈ Γ(T M) the Clifford multiplication X· is a map from Γ(Σ ± M) to Γ(Σ ∓ M). Thus, ∇ X ψ = −KX · ψ. Now we can proceed as in Lemma 3.2 and obtain dω p (e 1 , . . . , e p+1 ) = (K(−1)
Thus, we get dω 2k = 2aω 2k+1 , dω 2k+1 = −2ibω 2k+2 . Taking the differential, we obtain db ∧ ω 2k+2 + 2abω 2k+3 = 0 and da ∧ ω 2k+1 − 2abiω 2k+2 = 0. Proof. Let ψ denote the Killing spinor, and let e 1 , e 2 , . . . , e n be a local orthonormal frame of T M. Firstly, assume that n is odd and set k = n−3 2
. Equality (8) for k implies that da ∧ ω n−1 = −2abiω n .
We calculate each term of this equation separately. First, we have (da ∧ ω n−1 )(e 1 , e 2 , . . . , e n ) = n j=1 (−1) j+1 da(e j )ω n−1 (e 1 , e 2 , . . . ,ê j , . . . , e n )
Using (4), we get (−1)
] e 1 · e 2 · . . . ·ê j · . . . · e n · ψ = e j · ψ. Thus, we have
] da(e j ) e j · ψ, ψ
da(e j ) e j · ψ, ψ
On the other hand −2abiω n (e 1 , e 2 , . . . , e n ) = −2abi e 1 · e 2 · . . . · e n · ψ, ψ = −2abii
Thus, −2abii
Together with Lemma 3.1(ii) and 3.1(iv), we obtain that 2abi = 2nabi. Hence, ab = 0. It remains the case that n is even. Then, (9) for k = n−2 2 implies da ∧ ω n−1 = 2abiω n , and an analogous calculation as in the first case gives again ab = 0. Now, we are able to prove Theorem 1.1.
Proof of Theorem 1.1. We prove the claim by contradiction, i.e. let ψ be a Killing spinor to a Killing function a+ib where not both a and b vanish identically. Set Ω := {x ∈ M | b(x) = 0}. Then, ψ| Ω is a real generalized Killing spinor to the Killing function a| Ω ≡ 0. For n ≥ 4, this implies that a has to be constant on Ω [23, Theorem 1.1]. But by Lemma 3.4, we know that ab = 0. Thus, a| M \Ω = 0 which gives a contradiction to the smoothness of a. Remark 3.5. We conjecture that complex generalized Killing Spin c spinors also do not exist in dimension 2 and 3. Even, if this turns out to be wrong, these examples are very artificial: The manifold M consists of two closed subsets M 1 and M 2 where ψ| M 1 is a real generalized Killing spinor on M 1 to the Killing function a and ψ| M 2 is a real generalized Killing spinor on M 1 to the Killing function ib. In particular, on M 1 ∩ M 2 , we have a = b = 0 and everything has to built such that it is smooth also over this "boundary" set. For the imaginary spinor part on M 2 , this is clearly possible when taking e.g. a warped product as in Theorem 4.1 by choosing k(t) carefully. But whether one can choose the real part such that the spinor has a good well-behaved zero set is still unclear.
SPIN c IMAGINARY GENERALIZED KILLING SPINORS
On a Riemannian Spin c manifold (M n , g), we consider a imaginary generalized Killing spinor ψ with Killing function ib, where b is a smooth real function that is not identically zero on M. Let f := |ψ| 2 . Moreover, define the vector field V by
As in the Spin case we get by direct computation, [43, Section 3]
for all X ∈ Γ(T M). Hence, the vector field V is a non-isometric conformal closed Killing vector field, [43, Section 2] and cf. Paragraph 2.3. Moreover, the function q ψ := f 2 − V 2 is non-negative constant and
The proof of this follows exactly the one in the Spin case [6, Lemma 5 and below]. The spinor field ψ is called of type I (resp. II) if q ψ = 0 (resp. q ψ > 0). Proof. The proof is analogous to the ordinary Spin case: For a type I imaginary Killing spinor ψ, q ψ = 0 and hence, V = f = |ψ| 2 . Then by Lemma 3.1(iv) V has no zeros. By Theorem 2.1, a Riemannian covering of M is the warped product of a complete Riemannian manifold (F n−1 , h) and (R, dt 2 ), warped by a positive smooth function k(t), i.e.
a Riemannian covering of M is isometric to the warped product
. The lift of V to this covering is given by k ∂ ∂t
. Then, k(t) = V = f . Thus, using (11), we get
. Moreover, the manifold F t := F × f {t} = (F, f (t)h) can be viewed as a hypersurface of M whose mean curvature with respect to the unit normal vector field 
where ∇ F is the Spin c connection on F . This gives a parallel spinor field ϕ on F . For the converse, let ϕ be a nonzero parallel spinor on (F n−1 , h). By parallel transport of ϕ in t-direction we get ϕ(t, x). Firstly assume that n is odd, i.e., n = 2m + 1. Then, we can assume that w.l.o.g. that ϕ is in one of the S ± F such that ∂ t · ϕ = (−1) m iϕ where ϕ is now seen as a spinor in S M , cp. [6, Lemma 4] . Set ψ(t, x) = η(t)ϕ(t, x) with η(t) = e
ds and
. Then for X ∈ Γ(T M) with X ⊥ ∂ t we get
η∂ t · ϕ = ib∂ t · ψ. Thus, ψ is a Killing spinor to Killing function b. Moreover, V = |g(V, ∂ t )| = |i ∂ t · ψ, ψ | = |ψ| 2 = f , thus, ψ is of type I. Similar we obtain the Killing spinor when n is even: As in [6, Lemma 4]φ = ϕ ⊕ ϕ can be seen as a spinor in S M with ∂ t ·φ = (−1) m iφ and n = 2m + 2. Proof. By Theorem 4.1 it only remains to determine f . As above we have, f ′ = 2µf . Thus, f = ae 2µt for a positive constant a. By rescaling the metric h, we can assume that a = 1. Proof. Let ψ be of type II, i.e., q ψ > 0. First we assume that f = |ψ| 2 has no critical points, then, by (11) the number of zeros of V is 0. From Theorem 2.1 we obtain that a Riemannian covering of M is isometric to the warped product F × k R where k(t) is a function on t alone, F a complete Riemannian manifold and the lift of V is k ∂ ∂t . Then again with (11) we obtain that f also just depends on t and f
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. Hence, f = Ae 2µt + Be −2µt for constants A, B. Since V and, hence, f ′ has no zeros, f ′ = 2µk and since k and f are everywhere positive, we obtain f = Ae 2µt , A > 0, and k = f . Hence, k = V = f and q ψ = 0 which gives a contradiction. Hence, f has critical points. Using (11) we obtain for X, Y ∈ Γ(T M)
By [33, Theorem C] , M is isometric to the simply connected complete Riemannian manifold (H n , (2|µ|) −1 g H ) of constant curvature −4µ 2 . Since H n is contractible, H n admits only one Spin c structure -the canonical one coming from the Spin structure. By Lemma 3.1(iii) we obtain
Since the Ricci tensor of M is given by Ric = −4(n − 1)µ 2 , we obtain (X Ω) · ψ = 0 for all X ∈ Γ(T M) and, hence, iΩ = 0. Proof. From (7), we have that db ∧ ω 1 = 0. Let X ⊥ ∇b. Then
Thus, X · ψ, ψ = 0. Proof. We prove the claim by contradiction and assume that there is a Killing spinor ψ to a nonconstant Killing function ib, b ∈ C ∞ (M, R). Then, there is a point x ∈ M where ∇b is nonzero. In the following, we will always identify ∇b and db using the metric g. Then, db is nonzero in a neighbourhood U of x, and one can find a local orthonormal frame (e 1 , . . . , e n−1 , db |db| ) of T U. Then, by Lemma 4.4 e i · ψ, ψ = 0 for all 1 ≤ i ≤ n − 1 which will used in following without any further comment. In particular, this implies that the conformal Killing field V (cf. (10) ) is parallel to db and V = g V, db |db| = −i db |db| · ψ, ψ . By Theorem 2.1 V has at most two zeros. Hence, there is an y ∈ U where db · ψ, ψ = 0. The following calculations will be carried out at this point y.
Take now e i Clifford multiplied with the Lichnerowicz identity in Lemma 3.1(i) and its scalar product with ψ:
Taking the real part gives
On the other hand taking the scalar product of the Ricci identity in Lemma 3.1(iii) for X = e i with ψ and using e j · ψ, ψ = 0 gives
From the imaginary part of this equation we obtain Ric e i , db |db| db |db| · ψ, ψ = 0 and, hence, Ric e i , db
and the real part gives
Since n ≥ 3, (13) and (15) imply db · e i · ψ, ψ = 0 and Ω e i , db |db| = 0.
The Ricci identity in Lemma 3.1(iii) for X = db |db| together with (16) and (14) gives
In particular, db |db| · ψ is parallel to ψ and V ≥ |g(V,
Hence, q ψ ≤ 0 which gives the contradiction.
We still have to carry out the 2-dimensional case. . Then {∂ x , ∂ y } forms an orthonormal frame. We endow R 2 with a conformal metric g on R 2 by requiring the frame { ∂ x := a∂ x , ∂ y := a∂ y } be orthonormal. Let ∇ be the covariant derivative corresponding to g. The function a will be specified later but depends only on x. Then, [ ∂ x , ∂ y ] = a ′ ∂ y . We denote by ∇ the Levi-Civita connection on (R 2 , g). Using the Koszul formula, one can check that
We denote by ΣR 2 (resp. ΣR 2 ) the spinor bundle of (R 2 , g E ) (resp. (R 2 , g)). By a slight abuse of notation, we denote the Clifford multiplication of (R 2 , g) and (R 2 , g) by the same symbol " · ". Now, we consider the linear isomorphism of the tangent spaces of R 2 w.r.t. the metrics g E andg defined by ∂ x → ∂ x and ∂ y → ∂ y . This map lifts to a fibrewise isometric isomorphism of the spinor bundles ΣR 2 → ΣR 2 , see [10] . Using this identification, letφ + denote the image of a positive parallel spinor ϕ + in ΣR 2 with |ϕ + | = 1. Note that { ϕ + , ∂ x ·φ + } forms an orthonormal basis ofΣR
Using again the identification of the spinor bundles, we getφ − = ∂ x ·φ + and ∂ y ·φ ± = iφ ∓ . Together with (6), we then get
and
For the Killing spinor on (R 2 , g) we make the following ansatz ϕ = − cosh(c(x)) ϕ + + i sinh(c(x)) ϕ − where c(x, y) = c(x), a real function depending only on x, will again be specified later. We calculate We now consider the trivial line bundle L on R 2 with connection form given by an imaginary 1-form i α satisfying α( ∂ x ) = 0 and α( ∂ y ) = α. Here α is a real function depending only on x. We twist ΣR 2 with L which yields a Spin c structure on R 2 . Let σ be a non-zero constant section of L and consider ϕ ⊗ σ. W.l.o.g. let |σ| = 1. On ΣR 2 ⊗ L, we consider the twisted connection
In order to show that ϕ ⊗ σ is a Killing spinor, we want the last term to be equal to
Thus, we should solve 
